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THE DELTA INVARIANT AND THE VARIOUS GIT-STABILITY NOTIONS OF
TORIC FANO VARIETIES
NAOTO YOTSUTANI
Abstract. In this article, we give combinatorial proofs of the following two theorems:
(1) If a Gorenstein toric Fano variety is asymptotically Chow semistable then it is Ding
polystable.
(2) For a smooth toric Fano manifold X , the delta invariant δ(X) defined in [FO18]
coincides with the greatest Ricci lower curvature R(X).
In the proof, neither toric test configuration nor toric Minimal Model Program (MMP)
we use. We also verify the reductivity of automorphism group of toric Fano 3-folds by
computing Demazure’s roots for each. All the results are listed in Table 1 with the value of
δ(X) and R(X).
1. INTRODUCTION
Let (X,L) be a polarized projective variety of complex dimension n. One of the out-
standing problem in Ka¨hler geometry is to distinguish whether the first Chern class c1(L)
contains a Ka¨hler metric ω with constant scalar curvature (cscK metric). A parallel reason-
ing question in algebro-geometric view point is to study an appropriate notion of stability of
(X,L) in the sense of Geometric Invariant Theory (GIT). This leads us to investigate vari-
ous notion of GIT-stability and study the relation among them. For example, Ross-Thomas
clarified the following implications among GIT-stability in their paper [RT07]:
Asymptotic Chow stability ⇒ Asymptotic Hilbert stability
⇒ Asymptotic Hilbert semistability ⇒ Asymptotic Chow semistability
⇒ K-semistability.
In [Mab08], Mabuchi proved that Chow stability and Hilbert stability asymptotically
coincide. Remark that for a fixed positive integer i ∈ Z+, Chow stability for (X,Li) implies
Hilbert stability for (X,Li) (i.e. not necessarily asymptotic stability case) by the classical
result due to Forgaty [Fo69]. See also [KSZ92, Corollary 3.4] for more combinatorial
description of this result using GIT weight polytopes.
In order to describe our main theorem, we first recall that a complex normal variety X
is called Fano if its anticanonical divisor −KX is ample. It is called Gorenstein if −KX
is Cartier. Suppose that X is a smooth Fano variety (i.e. a Fano manifold) with a Ka¨hler
metric
ω =
√−1gij¯dzi ∧ dz¯j ∈ 2pic1(X).
Recall that ωϕ = ω +
√−1∂∂¯ϕ is Ka¨hler-Einstein if and only if ϕ is a critical point of
either the K-energy νω or the Ding energy Dω where both functional defined on the space
of Ka¨hler potentials Hω = {ϕ ∈ C∞(X) | ωϕ > 0 }. It is known that these functionals
satisfy the inequalityDω 6 νω which turns out to be the Ding invariant is less than or equal
to the Donaldson-Futaki (DF) invariant [Ber16]. In the case where X is toric, Yao gave
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explicit description of the inequality between the Ding invariant and the DF invariant in
terms of the associated polytope [Yao17, Proposition 7]. Hence obviously Ding stability
implies K-stability for a Fano manifold. Moreover the converse direction has been also
showed in [BBJ15, Fuj16].
Theorem 1.1 (Berman-Boucksom-Jonsson, Fujita). Let X be a Fano manifold. Then Ding
semistability is equivalent to K-semistability. Furthermore, Ding polystability (resp. Ding
stability) is also equivalent to K-polystability (resp. K-stability).
On the one hand, these results seem reasonable since cscK metrics on Fano manifolds
coincide with Ka¨hler-Einstein metrics. Recall that for a compact Ka¨hler manifold X with
a fixed Ka¨hler class [ω], ϕ is a critical point of νω if and only if ωϕ is a cscK metric. On
the other hand, summing up these previous arguments, we conclude that if a Fano manifold
X is asymptotically Chow semistable then it is Ding semistable. In the toric case, we can
show more general result in a simple way.
Theorem 1.2. Let (X,−KX) be a Gorenstein toric Fano variety. If (X,−KX) is asymp-
totically Chow semistable, then it is Ding polystable.
Note that we only assume that (X,−KX) to be asymptotically Chow semistable and do
not assume asymptotic Chow polystability in the above.
For the second purpose, we introduce the following two types of geometric invariants for
a Fano manifold:
(i) the delta invariant δ(X) and
(ii) the greatest Ricci lower bound R(X).
For the definitions of δ(X) and R(X), see Section 5.1. These invariants are investigated
by many researchers and the equality
(1.1) R(X) = min { 1, δ(X) }
has been discovered in [BBJ18, BlJ17, CRZ18]. For a toric Fano manifold X , we can state
the following more explicit result.
Theorem 1.3. Let X be a toric Fano manifold. Let δ(X) and R(X) be the delta invariant
and the greatest Ricci lower bound of X respectively. Then the equality
δ(X) = R(X)
holds.
We prove Theorem 1.3 in the following two ways:
(1) Assuming the equality in (1.1), we show Theorem 1.3 building upon work of Blum-
Jonsson [BlJ17] and Li [Li 11] (Section 5.1.3).
(2) We provide more elementary and direct proof using combinatorial characterizations
of δ(X) and R(X) (Section 5.2).
This paper is organized as follows. Section 2 is a brief review of Gorenstein toric Fano
varieties, Ding stability and asymptotic Chow stability. We prove Theorem 1.2 in Section
3. Section 4 deals with the reductivity of automorphism groups of toric Fano manifolds.
We also discuss 3-dimensionalK-polystable Gorenstein toric Fano varieties in Section 4.2.
In the final section, we focus on the relation between the greatest Ricci lower bound R(X)
and the delta invariant δ(X) defined in [FO18] recently. We show that δ(X) coincides with
R(X) for any toric manifolds by purely combinatorial way. All computational results of
geometric invariants δ(X), R(X) and the set of rootsR for toric Fano 3-folds are listed in
Table 1.
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2. PRELIMINARY
2.1. Gorenstein toric Fano varieties. We first recall the standard notation and basic def-
initions of Gorenstein toric Fano varieties, as it can be found in [CLS11].
Let N ∼= Zn be a lattice of rank n, while M = Hom(N,Z) is the Z-dual of M . Let
P ⊆ NR ∼= Rn be a lattice polytope with 0 ∈ Int(P ). We assume that all vertices of P are
primitive elements in N . For a subset S of NR, we denote the positive hull of S by pos(S)
i.e. pos(S) =
∑
v∈S R>0v. Then
ΣP := { pos(F ) | F is a face of P }
forms the fan which is often called the normal fan of P . It is well-known that the fan
Σ = ΣP associates a toric variety XΣ with the complex torus TN := Spec C[M ] action.
Here and hereafter we denote the associated toric variety by X for simplicity. Recall that
the anticanonical divisor of X is given by −KX =
∑
ρDρ where Dρ is the torus invariant
Weil divisor corresponding to a ray ρ ∈ Σ(1). Then the dual polytope of P (w.r.t. −KX) is
defined by
∆ = { y ∈MR | 〈x, y〉 > −1 for all x ∈ P }
which is also an n-dimensional (rational) polytope in MR with 0 ∈ Int(∆). Then ∆
is called reflexive if it is a lattice polytope. There is a bijective correspondence beween
isomorphism classes of reflexive polytopes and isomorphism classes of Gorenstein toric
Fano varieties. For a fixed dimension n, there are only finitely many isomorphism classes of
n-dimensional reflexive polytopes [KS98, KS00]. They found 1, 16, 4319 and 473800776
isomorphism classes for n = 1, 2, 3 and 4. Throughout the paper, we assume that a (toric)
Fano variety X admits at worst Gorenstein singularities.
2.2. Ding stability for Fano varieties. In this section, we briefly review a notion of Ding
stability, see [Ber16, Fuj16, Yao17] for more details.
Let (X,ω) be an n-dimensional Fano manifold with a Ka¨hler metric ω ∈ 2pic1(X). We
set V to be the volume V :=
∫
X
ωn. Recall that the Ding functionalDω : Hω → R is given
by
Dω := − 1
V
∫ 1
0
∫
X
ϕ˙t(1− eρωt )ωnt dt,
where ϕt is a smooth path inHω joining 0 with ϕ and ρω is the function which satisfies
(2.1) Ric(ω)− ω = √−1∂∂¯ρω and
∫
X
(eρω − 1)ωn = 0.
Then we readily see that ϕ is a critical point of Dω if and only if ωϕ is a Ka¨hler-Einstein
metric.
Next we recall a notion of a test configuration. A test configuration for a Fano variety
(X,−KX) is a polarized scheme (X ,L) with:
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• a C×-action and a C×-equivariant proper flat morphism pi : X → C, where C× acts
on the base by multiplication.
• a C×-equivariant line bundle L → X which is ample over all fiber Xz := pi−1(z)
for z 6= 0, and (X,−KX) is isomorphic to (Xz,Lz) with Lz = L|Xz .
Taking a Hermitian metric h0 on OX(−KX) with positive curvature, we can construct the
Phong-Sturm geodesic ray ht which emanates from h0 in Hω [PS07]. In [Ber16], Berman
defined the Ding invariant as the asymptotic slope of the Ding functional along the geodesic
rays. Moreover he showed that
DF (X ,L) = lim
t→∞
1
V
dDω(ht)
dt
+ q
where the error term q is non-negative and DF (X ,L) is the Donaldson-Futaki invariant.
Then the Ding invariant Ding(X ,L) is given by
Ding(X ,L) = lim
t→∞
1
V
dDω(ht)
dt
.
A Gorenstein Fano variety X is said to be Ding-smistable if for any test configuration
(X ,L) for (X,−KX), we have Ding(X ,L) > 0. MoreoverX is said to be Ding polystable
if X is Ding semistable and Ding(X ,L) = 0 if and only if (X ,L) is equivariantly isomor-
phic to (X × C, p∗1(−KX)) where p1 : X × C→ X is the projection.
Now we consider the toric case. Let X be an n-dimensional toric Fano variety and ∆ ⊆
MR the corresponding reflexive polytope with the coordinates x = (x1, . . . , xn). Recall
that a piecewise linear convex function u = max { f1, . . . , f` } on ∆ is called rational if
fk =
∑
ak,ixi + ck with (ak,1, . . . , ak,n) ∈ Qn and ck ∈ Q for k = 1, . . . , `. A toric
test configuration for (X,−iKX), introduced by Donaldson [Do02], is a test configuration
associated with a rational piecewise linear convex function u on ∆, so that iQ is a lattice
polytope in MR × R ∼= Rn+1. Here Q is given by
Q = { (x, t) | x ∈ ∆, 0 6 t 6 R− u(x) }
and R is an integer such that u 6 R. Then iQ defines the n+1-dimensional polarized toric
variety (X ,L) and a flat morphism X → CP 1. Hence the family restricted to C gives a
torus equivariant test configuration (X ,L) for (X,−iKX).
The toric geodesic ray ht associated to a toric test configuration was described by Song-
Zeldich [SoZeld12]. In [Yao17], Yao detected an explicit description of the Ding invariants
of toric Fano varieties.
Theorem 2.1 (Yao). Let (X,−KX) be a Gorenstein toric Fano variety with the associated
reflexive polytope ∆. Let u be a piecewise linear convex function. The Ding invariant of
the toric test configuration associated to u is given by
Ding(X ,L) = lim
t→∞
1
vol(∆)
dDω(ht)
dt
= −u(0) + 1
vol(∆)
∫
∆
u(x) dx =: I∆(u).
(2.2)
Then a reflexive polytope ∆ ⊆ MR is said to be Ding polystable if I∆(u) > 0 for all
convex piecewise linear functions u and the equality holds if and only if u is affine lin-
ear. One can observe that I∆(u) is invariant when we add affine linear functions to convex
piecewise linear functions. Henc it suffices to con ider normalized convex piecewise lin-
ear functions u on ∆ for ur purpose, that is, u(x) > u(0) = 0. The following observation
was given by Y o [Yao17], and we write down the detail for the reader’s convenience.
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Proposition 2.2 (Yao). If ∆ is a reflexive polytope, then the associated Gorenstein toric
Fano variety (X,−KX) is Ding polystable if and only if the barycenter of ∆ is 0.
Proof. Suppose ∆ is Ding polystable. Hence
(2.3)
1
vol(∆)
∫
∆
u(x) dx > 0
for any normalized convex piecewise linear function u. Applying (2.3) to linear functions,
i.e. u = ±xi for i = 1, . . . , n we conclude
∫
∆
x dx = 0.
Conversely we assume that
∫
∆
x dx = 0. Then for any normalized convex piecewise
linear function u, Jensen’s inequality implies that∫
∆
u(x) dx > u(
∫
∆
x dx) = u(0) = 0.
Hence ∆ is Ding polystable. 
Note that we only consider Ding polystability with respect to toric test configuration in
this paper. However it suffices to check Ding polystability of toric Fano varieties only for
toric test configurations [Ber16, CS16].
2.3. Asymptotic Chow stability of toric varieties. In this section, let us briefly recall
notion of Chow stability, see [Ono11, Yotsu16] for more details.
Let X ⊂ CPN be an n-dimensional irreducible complex projective variety of degree
d > 2. Let us denote the Grassmann variety by G(k,CPN). We define the associated
hypersurface of X ⊂ CPN by
ZX := {L ∈ G(N − n− 1,CPN) | L ∩X 6= ∅ } .
Remark that the construction of ZX can be regarded as an analog of the projective dual
varieties as in [GKZ94, Chapter 1]. In fact, it is well known that ZX is an irreducible
divisor in G(N − n − 1,CPN) with degZX = d in the Plu¨cker coordinates. Therefore
there exists RX ∈ H0(G(N − n− 1,CPN),OG(d)) such that ZX = {RX = 0 }. We call
RX the X-resultant. Since there is a natural action of SL(N + 1,C) on H0(G(N − n −
1,CPN),OG(d)), we define GIT-stability for the X-resultant RX as follows.
Definition 2.3. LetX ⊂ CPN be an n-dimensional irreducible complex projective variety.
X is said to be Chow semistable if the closure of SL(N+1,C)-orbit of theX-resultantRX
does not contain the origin. X is said to be Chow polystable if the orbit SL(N + 1,C) ·RX
is closed. We call X Chow unstable if it is not Chow semistable.
Definition 2.4. Let (X,L) be a polarized projective variety. For i  0, we denote the
Kodaira embedding by Ψi : X → P(H0(X,Li)∗). (X,L) is said to be asymptotically
Chow semistable (resp. polystable) if there is an i0 such that Ψi(X) is Chow semistable
(resp. polystable) for each i > i0. (X,L) is called asymptotically Chow unstable if it is not
asymptotically Chow semistable.
Next we will give a quick review on Ono’s necessary condition for Chow semistability
of polarized toric varieties. Let ∆ be an n-dimensional lattice polytope in MR ∼= Rn.
The Euler-Maclaurin summation formula for polytopes provides a powerful connection
between integral over a polytope ∆ and summation of lattice points in ∆. More specifically,
for any polynomial function φ on Rn, we would like to see how the summation∑
a∈∆∩(Z/i)n
φ(a) =: I(φ,∆)(i)
6 NAOTO YOTSUTANI
will behave for a positive integer i. If we take φ to be 1, I(φ,∆)(i) is so-called the Ehrhart
polynomial which counts the number of lattice points in i-th dilation of a polytope ∆:
I(1,∆)(i) = #(∆ ∩ (Z/i)n).
Recall that the Ehrhart polynomial has an expression
E∆(t) := I(1,∆)(t) = vol(∆)t
n +
vol(∂∆)
2
tn−1 + . . .+ 1
where ∂∆ is the boundary of a lattice polytope ∆. Similarly if we take φ to be the coordi-
nate functions x = (x1, . . . , xn), then I(φ,∆)(i) counts the weight of lattice points in i-th
dilation of a polytope ∆:
(2.4) I(x,∆)(i) =
∑
a∈∆∩(Z/i)n
a.
Similar to the Ehrhart polynomial, it is also known that (2.4) gives the Rn-valued polyno-
mial satisfying
s∆(t) := I(x,∆)(t)
= tn
∫
∆
x dx+
tn−1
2
∫
∂∆
x dσ + . . .+ c, s∆(i) =
∑
a∈∆∩(Z/i)n
a
for any positive integer i. We call s∆(t) the lattice points sum polynomial. The follow-
ing necessary condition of Chow semistability of projective toric varieties was obtained in
[Ono11].
Theorem 2.5 (Ono). Let ∆ be a lattice polytope, E∆(t) the Ehrhart polynomial and s∆(t)
the lattice points sum polynomial. We fix a positive integer i ∈ Z+. If the associated toric
variety X with respect to Li is Chow semistable, then the following equality holds:
(2.5) s∆(i) =
E∆(i)
vol(∆)
∫
∆
x dx.
Suppose a projective polarized toric variety (X,L) associated with a lattice polytope
∆ is asymptotically Chow semistable. Then there is an i0 ∈ Z+ such that (2.5) holds
fo any positive integer i > i0. On the other hand, we observe that E∆(t) and s∆(t) are
(Rn-valued) polynomials. Hence polynomial identity theorem gives the following (see also
[Ono11, Theorem 1.4]).
Lemma 2.6. Let ∆ be a lattice polytope. If the associated projective polarized toric va-
riety (X,L) is asymptotically Chow semistable, then (2.5) holds for any (not-necessarily-
positive) integer i ∈ Z.
3. PROOF OF THE MAIN THEOREM
3.1. Ehrhart reciprocity law for polynomial functions. Let ∆ be an n-dimensional lat-
tice polytope in MR ∼= Rn and φ a polynomial function on Rn. As in Section 2.3, we
consider
I(φ,∆)(i) =
∑
a∈∆∩(Z/i)n
φ(a)
and
I(φ, Int(∆))( ) =
∑
a∈Int(∆)∩(Z/i)n
φ a)
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for a positive integer i. Remark that I(1, Int(∆))(i) = #(Int(∆) ∩ (Z/i)n). The classical
result of the Ehrhart reciprocity law says that the following equality holds for any positive
integer i ∈ Z+:
I(1, Int(∆))(i) = (−1)nI(1,∆)(−i).
Brion and Vergne gave the following beautiful generalization of this reciprocity law [BV97].
Theorem 3.1 (Brion-Vergne). Let ∆ be an n-dimensional lattice polytope. If φ is a homo-
geneous polynomial function of degree d on ∆, then the following reciprocity law
(3.1) I(φ, Int(∆))(i) = (−1)n+dI(φ,∆)(−i)
holds for any positive integer i ∈ Z+.
we use this result for proving the following.
Lemma 3.2. Let ∆ be an n-dimensional reflexive polytope inMR. LetE∆(t) be the Ehrhart
polynomial, s∆(t) the lattice point sum polynomial respectively. Then we have
E∆(−1) = (−1)n and s∆(−1) = 0.
Proof. We note that Int(∆)∩Zn = {0 } since ∆ is a reflexive polytope. Taking φ = 1 and
i = 1 in (3.1), we have
E∆(−1) = (−1)n ·#(Int(∆) ∩ Zn) = (−1)n.
Similary, if we take φ = x and i = 1, then (3.1) becomes
s∆(−1) = (−1)n+1 ·
∑
a∈Int(∆)∩Zn
a = 0.

3.2. A combinatorial proof. Now we prove our main theorem.
Proof of Theorem 1.2. If a Gorenstein toric Fano variety (X,−KX) is asymptotically Chow
semistable, then (2.5) holds for any integer i ∈ Z, by Lemma 2.6. Taking i = −1 in (2.5),
we have ∫
∆
x dx = 0
by Lemma 3.2. Thus Proposition 2.2 implies that (X,−KX) is Ding polystable. This
completes the proof. 
If ∆ is a simple reflexive polytope, then the corresponding toric Fano variety (X,−KX)
may admit only orbifold singularities. Combining Theorem 1.1 and the result of [SZ12,
CS15], we conclude the following.
Corollary 3.3. LetX be a toric Fano orbifold. If (X,−KX) is asymptotic Chow semistable,
then X admits a Ka¨hler-Einstein metric in c1(−KX).
4. AUTOMORPHISM GROUPS AND K-POLYSTABILITY
4.1. Reductivity of Automorphism Group. In this section, we discuss the reductivity of
automorphism group of toric Fano varieties. By the theorem of Matsushima [Mat57], if a
Fano manifold X admits a Ka¨hler-Einstein metric in the positive first Chern class, the Lie
algebra of holomorphic vector fields is reductive. Later Futaki found that there exists a Lie
algebra character which is identically zero if X admits a Ka¨hler-Einstein metric [Fut83].
This is the so-called Futaki character. In general, the Futaki character is a necessary condi-
tion for the exist nce of Ka¨hler-Einstei met i s. H wev r, Wang and Zhu proved that the
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Futaki character is even sufficient condition in the toric case, that is, a toric Fano manifold
admits a Ka¨hler-Einstein metric if and only if the Futaki character vanishes [WZ04]. Fur-
thermore, the Futaki character of a toric Fano manifold can be calculated as the barycenter
of the corresponding reflexive Delzant polytope [Mab87]. Combining the previous results
in this section, one can see that the automorphism group of a toric Fano manifold is re-
ductive if the barycenter of the corresponding reflexive Delzant polytope ∆ is zero. It is
known that the set of roots (or Demazure roots) of a complete toric variety X is essential
for determining the automorphism group of X . In this point of view, Nill proved that the
automorphism group of a Gorenstein toric Fano variety is reductive if the barycenter of the
associated reflexive polytope is zero, regardless whether X admits Ka¨hler-Einstein or not:
Theorem 4.1 ([Ni06]). Let X be a Gorenstein toric Fano variety and ∆ ⊆ MR the cor-
responding reflexive polytope. If the barycenter of ∆ is 0, then the automorphism group
Aut(X) of X is reductive.
Hence it is natural to ask whether the reductivity of Aut(X) implies the condition∫
∆
x dx = 0 or not. Moreover, one can ask the following question in metric geometri-
cal point of view.
Question 4.2. For a toric Fano manifold X , does the reductivity of Aut(X) imply the
existence of Ka¨hler-Einstein metric?
We provide an explicit solution for Question 4.2.
Proposition 4.3. In dimension three, there is a unique non Ka¨hler-Einstein toric Fano 3-
fold whose automorphism group is reductive (type F2 in the table 1).
Moreover, in dimension four, if X is one of D19, H10, J2 and Q17 (in Batyrev’s notation
[Bat99]), then Aut(X) is reductive but X does not admit a Ka¨hler-Einstein metric in the
first Chern class.
In order to prove Proposition 4.3, we first recall the set of roots of a complete toric variety
pioneered by Demazure. See [Oda88, Section 3.4] and [Ni06] for more details.
Let Σ be the complete fan associating a (smooth) toric Fano variety X . Recall that a fan
Σ ⊂ NR is complete if ∪σ∈Σσ = NR. For each 1-dimensional ray ρ ∈ Σ(1), we denote the
unique primitive generator of ρ by vρ. Then the set of roots of Σ, denoted byR, is
R := {m ∈M | there exists ρ ∈ Σ(1) with 〈m, vρ〉 = −1
and 〈vρ′ ,m〉 > 0 for any ρ′ ∈ Σ(1) \ { ρ } } .(4.1)
Setting
S := R∩ (−R) = {m ∈ R | −m ∈ R } ,
we call S the set of semisimple roots, and
U := R \ S = {m ∈ R | −m /∈ R }
the set of unipotent roots. For each root m ∈ R, there is the corresponding one parameter
subgroup χm : C → Aut(X). The Demazure’s structure Theorem [Oda88, p. 140] says
that the unipotent radicalGu of the identity component Aut0(X) is isomorphic to the prod-
uct of {χm(C) | m ∈ U } as a variety. Moreover, there is a reductive algebraic subgroup
Gs containing (C×) as a maximal algebraic torus and having S as the root system so that
Aut0(X) = Gu oGs.
Recall that an algebraic group G is reductive if its unipotent radical Gu is trivial. The
following fact is well-known. Recall that a complete fan Σ is said to be semisimple if the
set of rootsR of Σ satisfiesR = S.
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Lemma 4.4. Aut(X) of a complete toric variety X is reductive if and only if the corre-
sponding complete fan Σ is semisimple.
Proof of Proposition 4.3. Let X be a toric Fano manifold with the associated reflexive
Delzant polytope ∆ ⊆MR. Let ∆∗(= P ) ⊆ NR be the dual polytope of ∆.
dimX = 3. Recall that among all toric Fano 3-folds (18 types), there are exactly 5
classes of Ka¨hler-Einstein Fano 3-folds, namely, CP 3, CP 2 × CP 1, CP 1 × CP 1 × CP 1,
P(OCP 1×CP 1 ⊕ OCP 1×CP 1(1,−1)) and CP 1 × S6, where S6 is the del Pezzo surface with
degree 6 (See Table 1).
For example, let X be the toric Fano 3-fold of type F2. Then primitive generators { vi }
of the complete fan Σ is given by
{ v1, v2, . . . , v8 } =

10
0
 ,
01
0
 ,
00
1
 ,
−10
1
 ,
 0−1
1
 ,
 01
−1
 ,
 0−1
0
 ,
 00
−1

with ρi = Cone(vi) ∈ Σ(1). Letting v1 =
10
0
, we find lattice points m ∈ M which
satisfy the condition (4.1). Namely 〈v1,m〉 = −1 and 〈vi,m〉 > 0 for 2 6 i 6 8. It is
easy to see that m = (−1, 0, 0), that is, (−1, 0, 0) ∈ R. Similar calculation for each vj
(2 6 j 6 8) gives
(4.2) R =

±10
0
 = S.
Hence we conclude that Aut(F2) is reductive by Lemma 4.4.
Alternatively we can check the reductivity of Aut(F2) as follows. By direct computa-
tion, we see that
(4.3) b∆∗ :=
∫
∆∗
y dy =
 00
1/4
 .
As in [Ni06, Theorem 5.2], one of the necessary and sufficient condition for Aut(X) to be
reductive is given by
〈b∗∆,m〉 = 0
for all m ∈ R for a (Gorenstein) toric Fano variety X . In our case, R and b∆∗ is just (4.2)
and (4.3) respectively. Thus this is consistent to the reductivity of Aut(F2).
Another cases are similar, so we leave the detail to the reader to supply it. All the results
are listed in Table 1 *. We omitted the computations on the set of roots of Ka¨hler-Einstein
Toric Fano 3-folds (5 classes) because all of them must be semisimple.
dimX = 4. Let Σ be the corresponding complete fan of a smooth toric Fano 4-fold. We
first recall that one of the sufficient condition for Σ to be semisimple is∑
v∈V(∆∗)
v = 0
where V(∆∗) denotes the set of vertices of the dual reflexive polytope ∆∗ ⊆ NR. Among
all toric Fano 4-folds (124 types), there are exactly 16 isomorphic classes which satisfy
*we used the combinatorial data in [Øbro] for computing the roots.
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the condition
∑
v∈V(∆∗) v = 0. However we have only 12 isomorphic classes of Ka¨hler-
Einstein toric Fano 4-folds with the condition
∫
∆
x dx = 0. Remark that all Ka¨hler-
Einstein toric Fano manifolds are symmetric if dimCX 6 6 [NP11]. Specifically, if X is a
toric Fano 4-fold one of D19, H10, J2 and Q17 in Batyrev’s notation, then X does not admit
a Ka¨hler-Einstein metric in the first Chern class but Aut(X) is reductive.† 
4.2. K-polystable Gorenstein toric Fano varieties. In [Ber16], Berman clarified the
combinatorial description of K-polystability for any Gorenstein toric Fano variety.
Proposition 4.5 (Corollary 1.2 in [Ber16]). Let X be a Gorenstein toric Fano variety with
its associated reflexive polytope ∆ in MR. Then (X,−KX) is K-polystable if and only if 0
is the barycenter of ∆.
Using the computer program PALP, Shakarke and Kreuzer found that there are 4319
isomorphism classes of reflexive polytopes in dimension three. A database of three dimen-
sional reflexive polytopes is available in [Kasp10, Øbro]. Finally we clarify how many
three dimensional Gorenstein toric Fano varieties are K-polystable.
Proposition 4.6. Among all 4319 isomorphism classes of three dimensional reflexive poly-
topes, there exists exactly 32 classes of K-polystable Gorenstein toric Fano varieties. ‡
5. APPENDIX: THE DELTA INVARIANT AND THE GREATEST RICCI LOWER BOUND ON
TORIC FANO MANIFOLDS
In this appendix, we collect some useful arguments what I learned from Yoshinori Hashimoto
[Hashi18]: we may simplify the proof of the equality between the delta invariant and the
greatest Ricci lower bound on toric Fano manifolds. For the details, see Section 5.2.
The main goal of this section is to prove Theorem 1.3 in two ways.
5.1. Background. Here we describe the combinatorial aspects of the delta invariant and
the greatest Ricci lower bound which will be the source of our argument.
5.1.1. The Delta invariant. Originally the δ-invariant was introduced by Fujita-Odaka [FO18]
in order to detect the (uniform) K-stability of Q-Fano variety. Roughly speaking, the δ-
invariant measures the “average of singularities” which is defined as follows.
Let k ∈ Z>0 be a positive integer and let s1, . . . , sNk ∈ H0(X,−kKX) =: H0(−kKX)
be any basis of H0(−kKX), where Nk := dimH0(−kKX). Denoting the corresponding
divisors of si by Di = { si = 0 }, we consider an anticanonical Q-divisor
(5.1) D′ :=
D1 +D2 + · · ·+DNk
kNk
.
An anticanical Q-divisor D is said to be of k-basis type if there exists a basis s1, . . . , sNk
of H0(−kKX) such that D ∼ D′ where D′ is defined in (5.1). Then we define
δk(X) := inf { lct(X;D) | D is of k-basis type satisfying D ∼Q −KX } .
Moreover we consider the limit:
δ(X) := lim
k→∞
sup δk(X).
One of the main result in [FO18, BlJ17] is the following theorem which states that the
invariant δ(X) verifies the K-stability of Q-Fano varieties.
†The corresponding ID numbers in the database [Øbro] are 136, 67, 65 and 107 respectively.
‡The cor esponding Reflexive ID numbers in [Øbro] are 2356, 3875, 3036, 1530, 3298, 421, 199, 198, 219, 4251,
4167, 3416, 2131, 2078, 1324, 610, 25, 31, 4287, 3350, 776, 510, 5, 769, 9, 1, 4312, 3314, 430, 428, 1497, 735.
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Theorem 5.1 (Odaka-Fujita, Blum-Jonsson). Let X be a Q-Fano variety. Then:
(1) (X,−KX) is K-semistable if and only if δ(X) > 1.
(2) (X,−KX) is uniformly K-stable if and only if δ(X) > 1.
5.1.2. The Greatest Ricci lower bound. Here and hereafter we only consider the case
where X is an n-dimensional Fano manifold, that is, X is a smooth projective normal
variety whose anticanonical line bundle −KX is ample.
On a certain Fano manifold, it is known that the Ka¨hler-Einstein equation
Ric(ω) = ω
can be deduced to the complex Monge-Ampe´re equation:
(5.2) (ω +
√−1∂∂¯ϕ)n = eρω−ϕωn
with the normalized condition of the Ricci potential as in (2.1), where ω ∈ 2pic1(X) is a
reference Ka¨hler metric. In order to solve the equation (5.2), we use the continuity method,
namely consider the following family of equations
(5.3) Ric(ωϕ) = tωϕ + (1− t)ω
with parameter t. Remark that one can solve (5.3) for t = 0 due to the work of Yau [Yau78].
The solution of (5.3) for t = 1 gives the Ka¨hler-Einstein metric. Let us define the set
R(X) := sup { t ∈ [0, 1] | (5.3) is solvable } .
In [Sze´ 11], Sze´kelyhidi showed that R(X) is independent on the choice of ω ∈ 2pic1(X).
Moreover R(X) can be expressed as follows:
R(X) := sup { t ∈ [0, 1] | there is a Ka¨hler metric ω ∈ 2pic1(X) s.t. Ric(ω) > tω } .
Now we consider the toric case. We shall use the same notation in Section 2, so that
∆ ⊂MR is the corresponding reflexive Delzant polytope of a toric Fano manifoldX . From
now on we denote the barycenter of ∆ by b∆. When b∆ 6= 0, the ray b∆ + Cone
(−−→
b∆0
)
always intersects to the boundary ∂∆ at some point Q ∈ ∂∆. The following combinatorial
description of R(X) was discovered by C. Li in his paper [Li 11].
Theorem 5.2 (Chi Li). LetX be a toric Fano manifold with the associated reflexive Delzant
polytope ∆ ⊂MR. If b∆ 6= 0, then
R(X) =
dist(0, Q)
dist(b∆, Q)
where Q is some point in the boundary ∂∆ defined in the above and dist(p1, p2) is the
length of the line segment connecting p1 and p2.
Remark 5.3. If b∆ = 0, Theorem 5.2 says that R(X) = 1. We note that there is a Ka¨hler-
Einstein metric on a toric Fano manifold X if the corresponding polytope ∆ satisfies b∆ =
0 [WZ04].
5.1.3. The relationship between R(X) and δ(X). Again, let X be a (not-necessarily toric)
Fano manifold. The relation between two invariants, R(X) and δ(X), is well-studied and
the following equality holds as can be ound in [CRZ18, Theorem 5.7], [BBJ18, Corollary
7.6] nd [BlJ17, Corollary 7.19].
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Theorem 5.4 (Berman-Boucksom-Jonsson, Blum-Jonsson, Cheltsov-Rubinstein-Zhang).
If X is a Fano manifold, then
(5.4) R(X) = min { δ(X), 1 } .
The work of [CRZ18, Theorem 5.7] was is inspired by the result of [BlJ17] where they
derived the equality (5.4) through the direct computation of δ(X) in the toric setting. More
precisely, Blum-Jonsson detected the following.
Theorem 5.5 (Blum-Jonsson). LetX be a (not-necessarily smooth) toric Fano variety with
the associated convex polytope
(5.5) ∆ = { x ∈MR | 〈x, vi〉 > −ci, 1 6 i 6 d }
where vi is the primitive generator of each ray ρi = Cone(vi) ∈ Σ(1) and ci ∈ Q. Then
(5.6) δ(X) = min
16i6d
1
〈b∆, vi〉+ ci
Combining the previous results, we provide the proof of the equality in Theorem 1.3.
Proof of Theorem 1.3 by assuming Theorem 5.4. Since X is a Fano manifold, an ample
line bundle L over X is taken to be L = OX(−KX). Since a torus invariant anticanonical
divisor is given by
−KX =
∑
ρ∈Σ(1)
Dρ ,
the corresponding convex polytope is
∆ = ∆−KX = { x ∈MR | 〈x, vi〉 > −1 } .
See [CLS11, Theorem 8.2.3]. Then we have the following two cases.
(i) The Futaki character vanishes, i.e., b∆ ≡ 0.
In this case, we have R(X) = 1 by Theorem 5.2, and there is a Ka¨hler-Einstein metric on
X . The reader should bear in mind that (X,−KX) is thenK-polystable thanks to the proof
of YTD conjecture for Fano manifolds [CDSI, CDSII, CDSIII], [Ti15]. Meanwhile, this is
equivalent to the condition for (X,−KX) to be K-semistable by [BlJ17, Corollary 7.17]
and [Li 17, Theorem 3]. In particular, K-polystability is equivalent to K-semistability for
any toric Fano manifold. The direct computation of δ(X) by plugging b∆ = 0 and ci = 1
(1 6 i 6 d) into (5.6), we conclude that
R(X) = δ(X) = 1.
(ii) b∆ 6≡ 0. From the above argument in the case of (i), we see that (X,−KX) is K-
unstable, i.e., δ(X) < 1 by Theorem 5.1. Therefore (5.4) implies that
R(X) = min { δ(X), 1 } = δ(X).
This completes the proof. 
5.2. A combinatorial proof of Theorem 1.3. The aim of this section is to give the fol-
lowing direct pro f of Theorem 1.3. We found a self-contained and much simpler way to
prove it by using combinatorial descriptions of δ(X) and R(X) discussed in Section 5.1.
Firstly we give a proof of the following lemma.
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Lemma 5.6. Let Q be the point in the boundary ∂∆ which is defined in Theorem 5.2.
Taking Fi to be a facet containing Q, we see that
(5.7) Q ∈ Fi iff 〈b∆, vi〉 > 〈b∆, vj〉 for any 1 6 j 6 d,
where vi is the primitive generator of Fi := {x ∈ ∆ | 〈x, vi〉 = −1 }.
Proof. We argue by induction.
Case I. Assume that Q ∈ relint(Fi) for simplicity. Then we see that
〈Q, vi〉 = −1, 〈Q, vj〉 > −1 for j 6= i
by the convexity of ∆. Hence the straightforward computation shows that
〈Q, vi − vj〉 = 〈Q, vi〉 − 〈Q, vj〉
= −1− 〈Q, vj〉 < −1 + 1 = 0.(5.8)
By the definition of Q, we have the equality
(5.9) Q = c · b∆
for some negative real number c ∈ R<0. Remark that c must be negative because P and Q
locate each other across the origin (see Figure 1 below). Therefore, (5.8) implies that
〈cb∆, vi − vj〉 < 0 ⇐⇒ 〈b∆, vi − vj〉 > 0
⇐⇒ 〈b∆, vi〉 > 〈b∆, vj〉,
for any 1 6 j 6 d.
Case II. Next we consider the case when Q ∈ Fi∩Fj for some i 6= j. In this case we have
〈Q, vi〉 = 〈Q, vj〉 = −1
〈Q, vk〉 > −1 for any k ∈ { 1, . . . , d } \ { i, j } .
In the same manner as Case I, we conclude that
〈b∆, vi〉 = 〈b∆, vj〉
〈b∆, vi〉 > 〈b∆, vk〉 for any k ∈ { 1, . . . , d } \ { i, j } .
Inductively we obtain the desired inequality (5.7). 
More elementary proof of Theorem 1.3. Let us consider a line L = { tb∆ }t∈R inMR which
is parameterized by t ∈ R. Observe that
tb∆ = 0 if t = 0, tb∆ = b∆ if t = 1 and tb∆ = Q if t = c
where c is the negative constant given in (5.9).
FIGURE 1
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Therefore, we have
dist(b∆, Q) = (1 + |c|) · ‖b∆‖ and dist(0, Q) = |c| · ‖b∆‖
as in Figure 1. By Theorem 5.2, this implies that
R(X) =
|c|
1 + |c| .
Now we consider δ(X).Let Fi be a facet containing Q. Then we observe that
Q ∈ Fi = {x ∈ Rn | 〈x, vi〉 = −1 }
⇔ 〈Q, vi〉 = −1.(5.10)
Applying Theorem 5.5 and Lemma 5.6, we see that
δ(X) = min
16k6d
1
〈b∆, vk〉+ 1
=
1
〈b∆, vi〉+ 1 .
Since Q = cb∆, (5.10) becomes
〈cb∆, vi〉 = −1 ⇐⇒ 〈b∆, vi〉 = −1
c
.
Consequently
δ(X) =
1
1− 1/c =
c
c− 1 =
−c
1− c =
|c|
1 + |c| = R(X).
Thus Theorem 1.3 has been proved. 
5.3. Examples. We close this section with examples of toric Fano manifolds which illus-
trate the statement of Theorem 1.3.
Example 1 (dimX = 2). Let X be a blow up of P2 i.e., X = P(OP2 ⊕ OP2(−1)). Then
the corresponding convex polytope is
∆ = {x = (x1, x2) ∈ R2 | 〈x, vi〉 > −1 }
with v1 = (1, 0), v2 = (1, 1), v3 = (0, 1) and v4 = (−1,−1). The straightforward
computation shows that
b∆ =
1
12
(1, 1) and Q = −1
2
(1, 1) = −6b∆ ∈ F2 = {x ∈ ∆ | 〈x, v2〉 = −1 }
which implies that R(X) = 6/7 by Theorem 5.2.
On the other hand, Theorem 5.5 and Lemma 5.6 yield
δ(X) = min
1≤i≤4
1
〈b∆, vi〉+ 1 =
1
1/6 + 1
= 6/7 = R(X).
Example 2 (dimX = 3). Firstly if X is one of CP 3, B4 = P1 × P1, C3 = (P1)3, C5 =
P(OP1×P ⊕OP1×P1(1,−1)) and F1 = P1×S6 where S6 is a del Pezzo surface with degree
6, then R(X) = 1 because the Futaki character of each toric Fano 3-fold vanishes. Let
us consider the remaining 13 classes of toric Fano 3-folds in Figure 2. ( In the figure, the
arrow 99K denotes a blow-up at a torus fixed point. The arrow−→ denotes a blow-up along
an 1- mensional torus invariant subvariety.)
LetX be E4 in Figure 2 which is obtained as the blow up of C4 = P1×P(OP1⊕OP1(−1))
along C × { p }, where p ∈ P1 is a fixed point of a torus action and and C ⊂ P(OP1 ⊕
OP1(−1)) is the torus invariant section with C2 = 1. Remark that this example E4 has been
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FIGURE 2. Blow up sequences of toric Fano 3-folds
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||
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vvttB4 B2
""
B1 B3
||
CP 3
presented as a counter example for relatively K-polystable but which is asymptotically
relatively Chow unstable manifold in [YZ16]. Also we mention that E4 would be a counter
example to Conjecture B in [CD18] which has been discovered by A. Ito in [Ito19, Theorem
1.3]. Namely,
E4 is a smooth toric Fano 3-fold with non-reductive automorphism group
such that the Lowey filtration is finitely generated and the Donaldson-Futaki
Invariant of the associate test configuration (XLoe,LLoe) is positive. However
(XLoe,LLoe) does not destabilize X .
Keeping that in our mind, we compute δ(X) for X = E4. Since the corresponding
convex lattice polytope is
∆ = {x ∈ R3 | 〈x, vi〉 > −1 }
with v1 = (1, 0, 0), v2 = (0, 1, 0), v3 = (0, 0, 1), v4 = (−1, 0, 1) and v5 = (0, 1,−1), we
readily see that
b∆ =
(
5
24
,
7
8
,
5
12
)
and Q = − 1
21
(5, 21, 10) ∈ F2 = {x ∈ ∆ | 〈x, v2〉 = −1 } .
Hence we conclude that
δ(X) =
1
7/8 + 1
=
8
15
= R(X) < 1.
Other cases are similar and left to the reader. All of results are listed in the last column in
Table 1.
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TABLE 1. Geometric Invariants of Toric Fano 3-folds
Notation The set of rootsR The reductivity R(X) = δ(X)
of Aut(X)
CP 3 − Yes 1
B1

±10
0
 ,
 0±1
0
 ,
±1∓1
0
 ,
00
1
 , No 1/9
10
1
 ,
01
1
 ,
20
1
 ,
±1∓1
1
 ,
02
1

B2

±10
0
 ,
 0±1
0
 ,
±1∓1
0
 , No 1/3
00
1
 ,
10
1
 ,
01
1

B3

±10
0
 ,
 0±1
0
 ,
00
1
 , No 4/13
10
1
 ,
 0−1
1
 ,
 1−1
1

B4 − Yes 1
C1

±10
0
 ,
 0±1
0
 ,
00
1
 , No 3/11
01
1
 ,
10
1
 ,
11
1

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Notation The set of rootsR The reductivity R(X) = δ(X)
of Aut(X)
C2

±10
0
 ,
01
0
 ,
00
1
 , No 3/11
01
1
 ,
10
1
 ,
11
1

C3 − Yes 1
C4

±10
0
 ,
 0±1
0
 ,
00
1
 ,
10
1
 No 3/7
C5 − Yes 1
D1

±10
0
 ,
01
0
 ,
−11
0
 ,
01
1
 ,
11
1
 No 1/5
D2

 0±1
0
 ,
 1−1
1
 ,
00
1
 ,
10
1
 No 24/67
E1

−10
0
 ,
00
1
 ,
10
1
 ,
01
1
 ,
11
1
 No 12/49
E3

 0±1
0
 ,
10
1
 ,
00
1
 No 3/7
E4

±10
0
 ,
01
0
 No 8/15
F1 − Yes 1
F2

±10
0
 Yes 6/11
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